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WIENER TAUBERIAN THEOREM FOR RANK ONE SEMISIMPLE LIE 

GROUPS 

SANJOY PUSTI AND AMIT SAMANTA 


Abstract. We prove a genuine analogue of Wiener Tauberian theorem for L^iGjIK\ where 
G is a semisimple Lie group of real rank one. This generalizes the corresponding result on the 
automorphism group of the unit disk by Y. Ben Natan, Y. Benyamini, H. Hedenmalm and Y. Weit 

( 131 ). 


1. Introduction 

A famous theorem of Norbert Wiener states that for a function / € L^(R), span of translates 
f{x — a) with complex coefficients is dense in L^(R) if and only if the Fourier transform / is 
nonvanishing on R. That is the ideal generated by / in L^(R) is dense in L^(R) if and only if the 
Fourier transform / is nonvanishing on R. This theorem is well known as the Wiener Tauberian 
theorem. This theorem has been extended to abelian groups. The hypothesis (in the abelian case) 
is on a Haar integrable function which has nonvanishing Fourier transform on all unitary characters. 
However, Ehrenpreis and Mautner (in 0 ) has observed that Wiener Tauberian theorem fails even 
for the commutative Banach algebra of integrable radial functions on SL(2,R). This failure can be 
attributed to the existence of the nonunitary uniformly bounded representations in groups of this 
class (see mm)- However a modified version of the theorem was established in [TJ Theorem 6] for 
radial functions in L^(SL(2,R)). In their theorem they prove that if a function / satisfies “not-to- 
rapidly decay” condition and nonvanishing condition on some extended strip, etc., then the ideal 
generated by / is dense in L^(SL(2,R)//SO(2)). This has been extended to all rank one semisimple 
Lie groups in the iA-biinvariant setting (see m, m)- For 5 > 0, let Si^s = {A G C | |9A| < p + 6} 
and 5i = {A G C I |SA| < p}. Then their theorem (for a single function) is as follows: 

Theorem 1.1. Let f G L^{GjjK) be such that its spherical transform f satisfies the following: 

(1) / is analytic on S°continuous on Si^s, 

(2) lim|;,|^^/(A) = 0 in Si^s, 

(3) /(A) 0 for all A G S'l^^ and 

(4) limsup|^|_^oo/(t)e^®'*' > 0 for all K > 0 

Then the ideal generated by f in L^iGj jK) is dense in L^{GjlK). 

The condition on the extended strip is due to technical reason. With the extended strip condition 
the theorem above has been extended to the full group SL(2,R) (see [20]), on rank one symmetric 
spaces (see |2T]) and on arbitrary rank symmetric space (see [22]). See also [23], dmn] for furthur 
reference. Y. Ben Natan, Y. Benyamini, H. Hedenmalm and Y. Weit (in mm) proved a genuine 
analogue of the Wiener Tauberian theorem without the extended strip condition on SL(2, R) in the 
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X-biinvariant setting. The extra nonvanishing condition on the extended strip was removed for 
rank one semisimple Lie groups in |19] . No other result is known on Wiener Tauberian theorem 
without this superfluous conditions. Our aim in this paper is to extend this result to real rank one 
semisimple Lie group in the iL-biinvariant setting. Thus we prove a genuine analogue of Wiener 
Tauberian theorem on real rank one semisimple Lie group in the iL-biinvariant setting. 

For any function F on R, we let 

5^{F) = — limsupe”^* log |F’(t)|. 

t—>-oo 

Then our theorem states that, 

Theorem 1.2. Let {/„ | a E A} be a collection of functions in L^{Gf jK), such that {/„ | a E A} 
has no common zero in Si and infcgA <5i(/«) = 0. Then the ideal generated by {fa | a E A} is 
dense in in L^{Gf jK). 

The proof of this theorem is an adaptation of the proof of Ben Natan et. al. m), which uses 
resolvent tranform method. The outline of the proof of the theorem is as follows: Let I be the ideal 
generated by {/„ | a E A} in LfifGjjK). 

(1) First we prove that for each A E C with AA > 0, there exists a family of functions { 6 a} 

such that 6a(0 = |^3a^ ^ E R. Also 6a E LfifGjjK) if and only if AA > p and 

{ 6 a I 9A > p} span a dense subspace of LflfGj jK). 

(2) Let g E L°°{GIjK) such that g annihilates I. We define the resolvent transfrom F-lg] by 

T^[9]W = > P- 

Considering 5 as a bounded linear functional on L^{GIjK)jI, we write 

7^b](A) = (BA,5),^>A>p 
where Bx = bx + I € LfifGj/K)/1, 9A > p. 

(3) By the Banach algebra theory (using the fact that spherical transforms of the elements of 
I have no common zero), A Bx can be extended as a L^{G//K)/I valued even entire 
function. This implies that, Ffg] extends as an even entire function. 

(4) To get an explicit expression of TZ\g\{X) we need representatives of the cosets Bx for 0 < 
9A < p. For / E L^{G//K), it will be shown that there is an function Txf such that 

If / E /, then will be a representative of Bx, when A is not a zero of /. Since the 
fW 

spherical transforms of the elements of I have no common zeros, such a representation 
always exists. 

(5) We estimate the norm of bx and Txf, which gives the necessary estimate for TZ[g]. Then 
a complex analysis technique mm), with the help of this estimate and not-to-rapid-decay 
condition, it will be shown that TZ{g) = 0. 

( 6 ) By denseness of {6 a | AA > p}, g = 0. 

As we mentioned earlier that the crux of proof is the resolvent transform method. Beside that 
both the solutions (px and <I>a of the equation Lcp = — (A^ + play crucial role in the proof 
(L is the Laplace-Beltrami operator on GfK). For SL(2,R), they are given by (upto constants) 
the Legendre functions of first and second kind respectively: we denote them by Px and QJj 
respectively. Whereas in general (rank one case) they are given by the hypergeometric functions 
(see (j 2 . 6 l) . ( 12 .7|) in the next section). 

^ P\, Q\ differ from the usual Legendre function by cerain parametrization. 
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An integration formula involving the Legendre functions Px and Qx ([mi p. 770, 7.114 (1)], [a 
(2-11)]) directly gives that Qx{^) = G M.Therefore in the SL(2,M) case bx = Qx- But 

in general, we could not locate similar integral formula involving (l)x and We overcome this 
obstacle in the following way : Since 4 >a solves L4> = — (A^ -|- p^)(l) on G\ AT, by a simple ditribution 
theoretic argument on the group level, we show that 4 >a( 0 = S K, for some constant k{X). 

We find the constant k{X) by putting suitable values of Therefore by defining bx = we 

get bxiO = required. 

Steps (2) and (3) (in the outline of the proof) are exactly similar to Ben Natan et. ah. 

For Step (4), we let f G I. To get a representative of Bx,0 < 9A < p, it is necessary to find 

a function Txf € such that Txf{^) = ? C G M. In the SL(2,M) case, this is achived by 

defining Txf as 

/ OO 1*00 

f{as)Pxias)2smh2sds-Px{at)J f{as)Qx{as)2smh2sds ( 1 . 1 ) 

and using some formule involving Px and Qx (O (2-9) (2-10)]). Instead, intially we simply define 
Txf ■= f{^)bx — f * bx- This is well defined as it will be shown that bx is a sum of and 
(for some p < 2) function. Hence it is straight forward to see that Txf{f,) = e But 

we must show that Txf G L^. For that we need to express Txf as in (II.Ih . Using the following 
property of bx fLemma 14.21) : 


IK 


bx{askat)dk = 


ibx{at)4>x{as) ift>s> 0 , 
\bxias)4'xiat) if s > t > 0 . 


we show that 


poo poo 

Txf{at) = bx{at) f{as)(j)x{as)A{s)ds-(l)x{at) f{as)bx{as)A{s)ds. ( 1 . 2 ) 

Jt Jt 

Using certain properties of hypergeometric functions we estimate bx- Once we have the estimate 
of bx, ||Tx/||i can be estimated from the formula (II.2p . following the similar method in Ben Natan 
et. ah. Consequently we get the necessary estimate for 7l[g]. In SL(2,M) case, TZ[g] satisfies the 
following estimates: 

|Kb|(A)| < Cllsll, ^ 


and 


/(A)7^[9](A) <C||/||i|M| 


d{X,dSi)'- 

1 


|SA| > p 


|9A| < p,f Gl 


'd{X,dSi) 

where the constant C is independent of / € /. Then using a log-log type theorem m Theorem 
5.3]) it follows that TZ[g] is bounded. But in general case, an extra polynomial in A appears in the 
right hand side of the both estimates above. This difficulty can be removed by a mild modification 
of the log-log type theorem (see Lemma 16.31) . That will imply that P-lg] is a polynomial. Finally it 
will be proved that 7l[g] = 0 . 


2. Preliminaries 

Most of our notation related to the semisimple Lie groups and hypergeometric functions is 
standard and can be found for example in mm and m respectively. We shall follow the 
standard practice of using the letter C for constants, whose value may change from one line to 
another. Everywhere in this article the symbol /i x /2 for two positive expressions fi and /2 
means that there are positive constants Ci,C 2 such that Cifi < /2 < (^ 2 / 1 . For a complex number 
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z, we will use and Qz to denote respectively the real and imaginary parts of z. For 0 < p < 2, 
we let Sp = {A G C I j^Aj < (| — l)/o}. 

Let G be a connected noncompact semisimple real rank 1 Lie group with finite centre with Lie 
algebra 0. We fix a Cartan decomposition g = + p. Let a be a maximal abelian subspace of 

p. Since G is of real rank one, we have dim a = 1. We denote the real dual of a by a*. Let 
S C a* be the subset of nonzero roots of the pair (0,a). We recall that either S = {—a, a} or 
{— 2 a,—a, a, 2 a} where a is a positive root and the Weyl group W associated to S is {Id,—Id} 
where Id is the identity operator. 

Let mi = dim 00 , and m 2 = dim 020 where 0 o and 020 are the root spaces corresponding to a 
and 2a. As usual then p = ^(mi + 2m2)a denotes the half snm of the positive roots. Let Hq be 
the unique element in a such that a(iLo) = 1 and throngh this we identify a with M as t G)- tHQ. 
Then a+ = {H € 0 | a{H) > 0} is identified with the set of positive real numbers. We also identify 
a* and its complexification with E and C respectively hy t ta and z G>- za, t G E, z G C. By 
abuse of notation we will denote p{Hq) = ^{mi + 2m2) by p. 

Let n = 0o + 02o, N = expn, K = expt, A = expo, A'^ = exp 0 + and A+ = expa+. Then 
IF is a maximal compact snbgronp of G, is a nilpotent Lie group and A is a one dimensional 
vector subgroup identified with E. Precisely A is parametrized by as = exp(sLIo)- The Lebesgue 
measure on E induces the Haar measure on A as dag = ds. Let M be the centralizer of A in K. 
Let X = G/K be the Riemannian symmetric space of noncompact type associated with the pair 
{G,K). Let cr{x) = d{xK,eK) where d is the distance function of X induced by the Killing form 
on 0. 

The group G has the Iwasawa decomposition G = KAN and the Cartan decomposition G = 
KA^K. Using the Iwasawa decomposition we write an element x G G as K{x) expH{x)N(x). Let 
dg, dn, dk and dm be the Haar measnres of G, N, K and M respectively where dk = 1 and 
dm = 1. We have the following integral formulae corresponding to the Cartan decomposition, 
which holds for any integrable function: 


[ f{9)dg= [ [ [ f{kiatk 2 )X{t)dkidtdk 2 . (2.1) 

JG Jk Jm+ JK 

where A(t) = ( 2 sinht)™'i+™' 2 ( 2 cosht )™'2 

A function / is called iL-biinvariant if f{kixk 2 ) = f{x) for all x G G, fci, ^2 G LC. We denote the 
set of all iL-biinvariant functions in L^(G) by L^{GIjK). 

Let D(G/iL) be the algebra of G-invariant differential operators on GjK. The elementary spher¬ 
ical functions cj) are G°° functions and are joint eigenfunctions of all D G ©(G/iL) for some complex 
eigenvalue X{D). That is 

l»(/> = a(l>)(/>,dgd(g/a:). 

They are parametrized by A G C. The algebra Ji{G/K) is generated by the Laplace-Beltrami 
operator L. Then we have, for all A G C, (/>>, is a G°° solution of 

L(t> =-{\^ + p^)(t>. ( 2 . 2 ) 


The A-radial part of the Laplace-Beltrami operator is given by 

(f d 

LAf{at) := -rr^fiat) + {{mi + m 2 ) cotht + m 2 tanht) —J{at),t > 0. 
dt^ dt 

Therefore eqnation (|2.2I1 rednces to 


-I- ((mi -I-m2) cotht-I-m2 tanht) ^ -|- (A^ + p^) 
dt^ dt 


= 0,t > 0. 


(2.3) 
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(2.4) 


The change of variable z := — sinh^ t reduces the equation above into the hyper geometric differential 
equation 


.(Pip d-i/’ 

z{l — + [c — (1 + a + -= 0 


with a = ^-n^, b = c = Therefore we have, 


(p\{at) =2 Fi 


p — iX p + iX mi + m 2 + 1 


- sinh^ t 


(2.5) 


( 2 . 6 ) 


which is regular at 0 . 

Also for A 7 ^ —i, —2i, • • •, another solution of (12.4p (or, (I2.2p l on (0, oo) is given by (see [ 6 l 
§2.9, (9) (11)]), 

^A(at) = ( 2 cosht)^^~^ 2 i^i( ^ ^ - y; 1 - iA;cosh~^t) (2.7) 


= (2sinht)*^-^2i^i( 


iX-P -mi + 2 iA_^ 


—1 — zA; — sinh t) 


( 2 . 8 ) 


This solution has singularity at t = 0. This function has a series representation, called Harish- 
Chandra series, for f > 0. Through the Cartan decomposition we extend <1>;^ as a A'-biinvariant 
function on G\K. Therefore is a solution of (12.21) on G \ AT. 

We have for t —>■ oo, 

<hA(a 4 ) = e('^-^)'(l + 0(l)). (2.9) 

For A € C \ iZ, <I>;^ and <!>_;), are two linearly independent solutions of p2.4p . So (j)x is a linear 
combination of both and We have 


())A = c(A)$a + c(-A)$_a 

where c(A) is the Harish-Chandra c-function given by 

2P-ar( »^i+^2+i )r(iA) 


c(A) = 

It is normalized such that c{—ip) = 1. 
Hence, for TIA < 0 and as t ^ oo, 


r(£^)r(^^^ + f) 


<t>x{at) = c{X)e^^^-P\l + 0{l)). ( 2 . 10 ) 

For any A € C the elementary spherical function (j)\ has the following integral representation 

dk for all x€G. 

Jk 

We have the following properties of 4>x: 

(1) (/)A is a AT-biinvariant function. 

(2) (px = 4>-\, (p\{x) = (px{x~^). 

(3) For fixed x € G, A i—>■ 4>x{x) is an entire function. 

(4) |(/>A(a;)| < 1 for all X € G if and only if A G Si. 

The spherical transform / of a function / G A^ (G) is defined by the formula 

/(A) = [ fix)4>x{x~^) dx for all A G Si. 

Jg 

Then it follows that / is analytic on S^, continuous on Si. Also |/(A)| —>■ 0 for |A| —>■ oo in Si. 
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Let C'^{GIjK) be the set of all C°° compactly supported iL-biinvariant functions on G. Also 
let PW (C) be the set of all entire functions /i : C ^ C such that for each € N, 


sup(l + |A|)^|/i(A)|e-l^^l < cx) 
AeC 


and let PW{C)e be the set of all even functions in PW{C). 

Let U{q) be the universal enveloping algebra of 0. For 0 < p < 2, let C^iGj jK') be the set of all 
/ G G°^{GIjK) such that for all Di,D 2 G ^(g), for all G N 

sup|/(Di;at;L>2)|(l + < cx). 

t>o 


Here f{Di;at;D 2 ) is the usual left and right derivatives of / by Di and D 2 evaluated at at- It 
is topologized by these seminorms and it is a Frechet space. 

We define S{Sp) to be be the set of all functions h : Sp ^ C which are continuous on Sp, 
holomorphic on Sp (when p = 2 then the function is simply G°° on S 2 = K) and satisfies for all 
r, m G N U {0}, 

sup(l + |Ar)|^/i(A)| < 00. 

Let S{Sp)(, denote the subspaces of S{Sp) consisting of even functions. Topologized by the semi¬ 
norms above it can be verified that S{Sp),S{Sp)e are Frechet spaces. 

Then we have the following Paley-Wiener and Schwartz space isomorphism theorems: 

Theorem 2.1. The function f f is a topological isomorphism between G^{G//K) and PW (C)e. 
Also it is a topological isomorphism between O'ifGjjK) and S{Sp)e- 

Hypergeometric function: We need the following properties of the hyper geometric functions: 

(a) The hyper geometric function has the following integral representation for 5Rc > > 0, 

2 Fiia,b;c;z) = / 

F(6 )F(c- 6) Jo 

(b) 

2 Fi{a,b-,c;z) = (1 - z)~^ 2 Fi 

(see [m p. 247, eqn. (9.5.2)]) 

(c) 


s’’-\l - sy-’’-\l - szy'^ds, \z\<l. (2.11) 

^c — a,b;c; — ' zGC\[1,oo). (2-12) 


c{c + l) 2 Fi{a,b;c;z) = c{c - a + l) 2 Fi{a,b + 1; c + 2; z) 

+a [c — (c — 6)z] 2 Fi(a + 1, 6 + 1; c + 2; z), 2 ;gC\[1,oo). (2.13) 


(d) 


(see [IHl p. 240, eqn. (9.1.7)]) 


^(1 —x)^ ^2-Fi(a, 6; c; x)dx 


r{c)r{d)r{b -d)r{c-a-d) 
F(6 )F(c-a)F(c-d) ’ 

if m > 0,5P(6 - d) > 0, $ft(c - o - d) > 0. (2.14) 


(see uni p. 821, 7.512 (3)]) 


6 






3. The functions b\ : Representatives of > p 

Let C+ = {^ € C I ^2 > 0} be the open upper half plane in C. 

For A € C+, we define 

b\{at) ■■= 2Ac(-A) ^^^^*^’^ ^ ° 

where c is the Harish-Chandra c-function. We note that h\ is positive when X = ip with p > 0. 

In this section we show that bx can be written as a sum of and L^{p < 2) functions. We 
also show that b\ € L^{G//K) if and only if Q'A > p (Lemma 13.211 . and estimate their L^-norm 
(Lemma 13.5p . We prove that for A € C+, 6 a( 0 = (Lemma 13.41) . Finally we prove that 

{6 a I > p} is dense in L^iGjjK) (Lemma 13.61) . 


From the Frobenious method m Chapter 4, §8]) it is known that for each A G C+, bx{at) is 
asymptotically equal to > 1 and log j if mi + m 2 = 1 as t —>■ 0+. But for 

our purpose we need the estimates also with respect to A. 

Lemma 3.1. Let X € C+. Then bx satisfies the following estimates near 0 and 00. 

(a) There is a positive constant C and a natural number N such that for all t G (0, 1/2], 

Jc'(l + if mi + m2 > 1 

[ C log j if mi + m2 = 1. 

(b) There is a positive constant C and a natural number M such that for all t G [1/2, 00], 

|6 A(ai)|<C(l + |A|)'^e-(®^+^)^ 

Proof, (a) Case-1 : Let mi -|- m2 > 1. By (12.8D and (I2.12p . 


\h{at)\ < 


<^x{at) = {2smhty^ ^(l+sinh^i) 4 +'2 .^Fi "^4 ^ ^ ~ T’^ ~ + sinh^ t ) ’ ^ ^ 

Now, for 0 < t < 1/2, 

(2sinht)*'^“^(l + sinh“^ 

= 2-^^-^(sinh i)-(”^i+™2-i) (1 + sinh2 t), 

< C2-^^-^(sinht)-(”^i+”^2-i) 

< (since sinht > t), 

where C is a constant independent of A G C-|-. Again, letting 

-p + 2 iX -mi + 2 iX 

a = a{X) = — - - b = 6(A) =- - -^^ = I - tX. 

we see that, for all A G C+, a,b,c satisfy the following 

(Ts/ ■'^1 + 2 mi + m 2 -l -mi-I-2 , , 1 

5R(c-6)>——, ^{c-a-b)>——^ -, )ft6 >-A- y-k + 

where k = -|- l]. Therefore, by Lemma l8.II (in appendix), there is a 2/c-th degree polynomial 

P of three variables such that 


2 F 1 a, 6 ; c; 


1 


1 -|- sinh^ t 


< 


Pi\a\,\b\, |c|) 

l(c)2fc| 

7 


r(c + 2A;) 


T{b + k)r{c - b + k) 


t > 0. 


























Now it is easy to see that P{\a\, |6|, |c|) is dominated by a (2fc)-th degree polynomial in |A|, where 
as (c) 2 fc is 2fc-th degree polynomial in A which has no zero in the region 9A > 0. Therefore we 
conclude that 

1 ^ 1 , |c|) 


1(c) 


2k\ 


is bounded with bound independent of A € C+. So we have the following estimate for : 

T{2k + 1 — iX) 




T{k + f )r(A: + 2^ - 


Since 


• p/ p-iA \-p/ mi+2 _ jA\ 

bx{at) = 


2Ac(-A) " r( "^i+^2+i )r(l -zA) 

the proof follows from the following fact which can be proved by the Starling approximation formula 
(see Lemma [82] in appendix ) : let i? > 0 be fixed, then is dominated by a polynomial 

on the region > 0. 

Case-2 : Let mi +m 2 = 1- The proof is similar to the SL 2 (M) case (see O Lemma 2.3] ). Using 
equation (12.7p and the integral representation of the hypergeometric function (|2.1ip . we write b\, 
for A G C+, as 


b\{at) = 2 ^ f 

Jo 


mi+2 i\ , —mi+2 jX p — iX 

2 (1 — s) 4 2 ^(cosh f —s) 2 ds. 


S 4 


Putting cosh^ f = x + 1, and making the change of variable s —)■ 1 — s, we get 

. ^ 

4 2 s 4 2 (x -|- s) 2 ds. 


Therefore 


bx{at) = 2 ^ [ (1 - s) 

Jo 

- / 


\bx{at)\ < 2-^P- 


mi-2 QX -mi-2 9A , P+9A , 

— s) 4 + 2 s 4 V 2 (x -|- s) 2 ds. 


Now we break the integration into two parts Ii and I 2 on (0,1/2] and [1/2,1) respectively. It is 
easy to check that I 2 is bounded by a constant independent of A G C+. On the other part, it is 
easy to check that 


-mi -2 , aA , mi -2 aA 

Ii<C s 4 v 2 (x -|- s) 4 2 ds, 

Jo 

mi—2 —mi—2 Q-A 

since mi +m 2 = 1. Using integration by parts with (x + 5 ) 4 2 as first function and 5 4 2 

as second function we can deduce that 


i.<c + ciog(i + T). 


Since x = sinh^ t the desired estime follows, 
(b) We have 


bxiat) = 


2Ac(-A) 


^x(t) = 


2-p-iX-l -pi'p-iX'jY^mi+2 _ i\^ 


' miH-yn-2+1 ^ 


r(i -zA) 


^A(at)- 


r(W 

Then using Lemma [8l3] (in appendix) and the asymptotic behavior of (see equation (12.91) 1 we 
have, 

| 6 A(az)| <C(l + |A|)'"V(^+®^)‘ 

for some M > 0 . □ 


































Using Lemma l3.II and the fact that A(t) x ^ear 0 and A(t) x near oo, we have the 

following Lemma: 

Lemma 3.2. (a) For all A € C+, b\ is locally integrable at e. 

(b) For 9A > p,bxG L\GIIK). 

(c) For all A G C+ bx is in outside neighbourhood of e. 

(d) For each A € C+, there exists p < 2 (depending on X) such that bx is in outside 
neighbourhood of e. 

Let A G C_|_. Then it follows that bx is a L^-tempered iL-biinvariant distribution. Also we note 
that bx can be written as a sum of and (p < 2 ) function on G. Therefore its spherical 
transform is a continuous function on R, vanishing at infinity. 

Next we calculate the spherical transform of bx- For that we need the following lemma: 

Lemma 3.3. //9A > p, then <hA(“t)A(f)dt = . 

Proof. 

poo 

/ ^>A(ot)A(t)(it 

20 

= J (2cosht)*^“^2-Fi ^ 1 (2sinht)™'i’''™'2(2cosht)™'2dt 


i A-j-p—2 
2 2 


I 


°° fp-iX mi+ 2 iX 
2 -Fi ( —^-—;1 -zA; 


2 ’ 4 2 

( by the change of variable y = cosh 2t) 

£^\-\-p — 1 


y +1 


(y + i) 


iX — p-\-m2 — 1 


(y-1) 


4-m2 — 1 


dy 


2 -Fi 


p — iX mi + 2 iX \ iA+p+2 rn,]^ +m2 — 1 

—^—, —I-y; 1 - *A;x ) X 2 — (l - x) 2 dx 


( by the change of variable x = 
2^A-i-p— 1 


-) 


y + 1 ' 

r(i - iA)r(^^)r( "^i+^^+^ ) 


r( 


m +2 _ ^)r(i + ^^)r(i + 


-)r(i + 


, , ,,,,,, . , , —iX — p p — iX , mi + 2 iX 

( by 1 2.14 1 with d = -^ —2—’ ^ ^ —4-yT = 1 - 

2 *a+p+i r(i _^yr(rni±|i 2 ±i) ^ 2zAc(-A) 

p^ + A^ ryi+2 _ p^ + X^ 


Lemma 3.4. Let X G C+. Then bx{f,) = for all ^ G 


□ 


Proof. We view bx as a iL-invariant function on G/K. We define the iL-invariant distribution T 
on G/K by 

T:= Lbx + {p^ + X^)bx. 

Since Lbx{gK) = —+ X^)bx{gK) for all gK 7 ^ eiL, T must be supported at {eiL}. Therefore we 
can write 

r = Co-5 + ciL5 + • • • + CfcL^(5 

for some constants cq, ci, • • • , c^, where -5 denotes the distribution on G/K defined by (5((^) = (/{eK) 
for (j) G G^{G/K). Taking the spherical transform of both side (in the L^-tempered distribution 
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for all I € M. 


sense), and keeping in mind that bx is continuous on M, we get 

t Co - Ci(^2 - p2'^k 

hd) =-- 

Since bx vanishes at infinity, we must have = Ck-i = • • • = ci = 0. Since the constant cq may 
depend on A, we write k{X) instead of cq. So we have 

k(A) 


hiO = 


for all ^ € 


(3.2) 


-^2 + A 2 

Therefore, in order to complete the proof we only need to show that k{X) = — 1. First we assume 
that 9A > p. Since, under this assumption, bx is in L^, its spherical transform is a well-defined 
continuous function on the strip Si which is holomorphic in its interior. Therefore, by analytic 
continuation, we can write (for Q'A > p) 

k{X) 


^a(2) + 

Putting z = ip in the above equation we get 


for all z € Si- 


(3.3) 


roo 

k(X) = {p^ + A2) / bxiat)A{t)dt (as (pipiat) = l) 

Jo 

which is equal to —1 by the definition of bx (|3.ip and Lemma 13.31 Now we drop the restriction on 
A and assume that A G C+. Putting ^ = 0 in equation 13.21 we get 

1*00 

k(A) = A2 / bx{at)<po{at)A{t)dt. 

Jo 

Now, it is well known that for each fixed t > 0, A ^ ‘^a(^) is holomorphic on C+ so that the 
same is true for bx{at)- Since bx has the estimates as in Lemma l3.II and (j)Q satisfies the estimate 
|<?io(«i)| < C{1 + t > 0, the integral converges absolutely and an application of Morera’s 

theorem gives that k(A) is holomorphic on C+. But we have already proved that k{X) = — 1 if 
9A > p. Therefore, by analytic continuation, k(A) = — 1 for all A € C+, as required to prove. □ 

Lemma 3.5. (a) //9A > p, ||6a||i < some C > 0 and non-negative integer K. 

(b) II^aIIi 0 z/A —>■ oo along the positive imaginary axis. 


=2pt 


Proof, (a) Since A{t) x g ^ g 

tively implies that 

. 1/2 

|6A(az)|A(t)dt <C'(1 + |A|)'^ 


near oo, (a) and (b) of Lemma 13. ll resoec- 


/ 


and 


r\bx{at)\Ait)dt<C^-^^^-^. 

Jl/2 ^X- p 


SA-p 


But the right hand side of the first inequality is clearly less than or equal to 
K to be the maximum of -|- 1 and M the lemma follows. 

(b) If X = ir] (r/ > 0), then bi^ is non negative function. Therefore, if p > p 

1 


iV+l 


Taking 


ll^iplli — / bipi^at) A(i)dt — ^ip(z/j) — 


„ „■ by Theorem [TH 

— 


Hence the proof of (b) follows. 

Lemma 3.6. The functions {bx \ 9A > p} span a dense subspace of L^{G//K). 


□ 
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Proof. The proof is similar to the SL 2 (M) case (see [3l Lemma 3.2]). It is enough to show that 
span{6;^ I 9A > p} contains C^{GffK). 

Let / G C^{GIfK). Since / is entire and it has polynomial decay on any bounded horizontal 
strip (see Theorem l2.1l) . Cauchy’s formula implies that 


fiw) 


-/ 

27ri Jri+r2 


f{z) , 

- ctz, tc € oi 

z — w 


where Ti = M + i{p + 1) rightward and r 2 = M — i{p + 1) leftward. In the second integral (i.e. 
integration over r 2 ), we make the change of variable z —>■ — z to get 


f{w) = 


u 

T/ 

2Tn 




/(- 2 ) 


Fi Z-W 

2zf{z) 


z^ — w 


2TTi Jpj —z — w 
2 dz (since / is even) 


—dz) 


Now for 2 : G Ti, > p so (by Lemma l3.2l bll is in and hence its spherical transform is 
well-defined continuous function on Si and holomorphic in its interior. Therefore, by Lemma 13.41 
bz(w) = T. So we can write 


/(w^) = ^^ 2zf{z)bz{w)dz. 

Lemma 13.51 together with the decay condition on / imply that the L^(G//iL)-valued integral 

2zf{z)bz{-)dz 

converges; and the above equation shows that it must converge to /. Since the Riemann sums of 
the integral are nothing but finite linear combinations of b\s, we conclude that / is in the closed 
subspace spanned by {6 a | Q'A = p + 1}. Hence the Lemma. □ 


4 . Representatives of Ra, 0 < 9 A < p 

Let f he a iL-biinvariant integrable function on G. For each A, with 0 < 9A < p, we define 

Ta/:=/(A) 6 a - / * 6 a. ( 4 . 1 ) 

Since b\ can be written as a sum of and {p < 2) function, T\f is well-defined; in fact it also 
has the same form i.e. can be written as a sum of and LP function. In particular its spherical 
transform is a continuous function on M. The following lemma is an easy consequence of Lemma 


Lemma 4.1. Let 0 < SaA < p and f be a K-biinvariant integrable function on G . Then 

= foralUGM. 

Next we show that Txf is integrable and estimate its norm. But, for this first we formulate 
Txf in another way using the following lemma. 


Lemma 4.2. Let A G C+. Then 



bx{askat)dk 


bx{at)4’\{as) ift>s>0, 
bxias)4>\iat) ifs>t>0. 
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Proof. First we note that s ^ t imples that agkat 0 K. Therefore the integral is well defined 
whenever s t, because b\ is smooth outside K. Since b\ is ii'-biinvariant, jp.b\{askat)dk = 
Jxb\{atkas)dk. We prove the second case. Fix s > 0. Since b\ is a smooth iF-biinvariant 
eigenfunction of L on G \ iF with eigenvalue —{p^ + A^), the function g i—)• bx{askg)dk is a 
smooth iF-biinvariant eigenfunction of L on the open ball Bg with the same eigenvalue. Here 
Bg = {kiark 2 G KA+K | r < s}. Therefore the function i b\{agkat)dk is solution of the eqn. 

(12.40 on the interval (0, s) which is regular at 0. Therefore 

/ b\{agkat)dk = Ccj)\{at) for all 0 < f < s, 

Jk 

for some constant C. Putting f = 0 or equivalently at = e m the above equation we get C = b\{as). 
Hence the proof. □ 


Lemma 4.3. Let 0 < 9A < p and f be a K-biinvariant integrable function on G. Then for all 
t > 0, 


Proof. Since 


roo poo 

\f{at) = bxiat) / f{ag)(j)x{ag)A{s)ds - (fxiat) / f{ag)bx{ag)A{s)ds. 

Jt Jt 

f*bx{at) = J f{as)(^J bx{agkat)dk'^ A{s)ds, 


Txf{at) can be written as 

poo 

Txf{at) = J f{ag) bxiat)4>x{ag) - ( / bx{agkat)dk 

So the proof follows from Lemma 14.21 


’K 


A{s)ds. 


□ 


Lemma 4.4. Let 0 < 9A < p and f be a K-biinvariant integrable function on G. Also assume that 
A fz Bp{0). Then Txf G L^{G//K) and its L^ norm satisfies \ |Ta/| |i < C\ |/||i(l + |A|)^d(A, dSi)~^, 
for some non-negative integer L, where d{X,dSi) denotes the Euclidean distance of X from the 
boundary dSi of the strip Si. 


Proof. We use the formula of Txf as given in LemmaFirst we estimate \Txf{at)\A{t)dt. 
For that we need to rewrite the estimate of bx given in Lemma 13.11 (a) in the following way : 
\bx{at)\ < ^A(i) for all t G (0,1/2], where 

fc(l +ifmi + m2>l 

~ 1 1 -r I 1 ■ 

I G log j II mi + m 2 = 1. 


We use the following properties of rx ■ 

(i) rx is a decreasing function, 

(ii) fi^^rx{t)A{t)dt < G{1 + |A|)^. 

Also we use |6A(at)| < C{1 + \X\)^,t G [1/2, oo) (see Lemma I tTI (b)). 
We can write 

IITa/IIi </i+/2 + /3+/4, 

where 

/■ 1/2 / r°° \ 

h = j \bx{at)\ ij \f{ag)\A{s)ds] A{t)dt 

/■ 1/2 f \ 

h = j yj \f{ag)\\bxiag)\A{s)dsjA{t)dt, 
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h = 


ll/2 


\h{at)\ ( [ |/(as)| |(?^A(as)|A(s)ds ) A{t)dt 


and 

Then, 
h < \\J 111 

h = 

< 


/ oo / poo \ 

^ \(j)xiat)\yj \f{as)\\bx{as)\A{s)dsjA{t)dt. 

/■i/2 

/ rA(t)A(t)dt<C(l + |A|)^||/||i, 

Jo 


fl/2 / pl/2 


1/(05)! |6A(as)|A(s)(is A{t)dt + 


<'\j2 / poo 

) Wl/2 


|/(o5)||6A(as)|A(s)fisj A{t)dt 


fl/2 / /•1/2 


< 


/■1/2 

/ ^A(t) 

20 


1/(05)! rA(s)A(s)dsj A{t)dt + C |/(o 5 )!| 5 A(a 5 )!A(s)(is 

fl/2 \ foo 

/ |/(a5)|A(s)fis A(t)(it + ( 7(1 + |A|)^ / |/(o5)!e“(®^+^)*A(s)ds 

Jt / 21/2 


h < 


< ( 7(1 +|A|)”'^"^^’^>||/||i. 

Using the estimate of bx and 4 >x we get, 

/ (X) / poo \ 

g(-QA-p)tg2pt |/(a5)!e(®^-^)"A(s)dsj dt 

= ( 7(1 +!A!)^!c(-A)! /°°!/(o5)|e(®^-^)M T A{s)ds 

Jl/2 \-^l/2 / 

poo 

= C(l + |A|)"|c(-A)| / |/(<..)| 

Jin 


^{Q\-p)s 


'g(-cjA+p)5 _ 


p — 9A 


A{s)ds 




p — 9A 

= U(l + !A!)'^!c(-A)|||/||id(A,55i)-^ 

Similarly we can prove that, 

h < C(1 + |A|)'^|c(-A)| ||/||id(A,a5i)-i. 

2P+Ar( mi+m2+l )r(_/^) _ 2 P+^^T{ ^^+^^+^ )T{l - iX) 


c(-A) = 


r(£^)r(^ - %) i-iX)T{p^)T{^ - %)'' 


by Lemma 18.31 (see appendix), 


|c(-A)| < 


C 


|A|(1 + |A|)(”^l+m2-2)/2' 


Since A ^ Bp{ 0 ), !c(—A)! is dominated by a polynomial. Adding the estimates of Ii, 12,13 and I4 
the desired result follows. □ 

Remark 4 . 5 . Let 0 < 9 A < p. The proof of the above lemma, in fact shows that Txf always in L^. 
To get the desired estimate of the norm of Txf we only need to throw out some neighborhood 
of 0. 
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5. Resolvent transform 


Let S be the iL-biinvariant distribution on G defined by 5((/>) = 4>{e) for all (j) G C^{G//K). 
Also let Lg{GjjK) be the unital Banach algebra generated by L^{G//K)and {<5}. Its maximal 
ideal space is one point compactification S'! U { 00 } of Si, i.e., more precisely, the maximal ideal 
space is {L^ : z G S'! U { 00 }}, where is the complex homomorphism on L^{GjjK) defined by 
^zif) = fiz). Since the spherical transform of elements in I have no common zeros in Si, it follows 
that the maximal ideal space of the quotient algebra L^{GfjK)jI is { 00 } i.e. it consists of only 
one complex homomorphism, namely / + / 1 —>■ /(oo). So, by the Banach algebra theory, an element 
/ + / is invertible in L^(G//iL)// iff /(oo) / 0. 

Let Ao be a fixed complex number with QAq > p- By Lemma l3.2l bL b\g is in L^. Therefore, 
for A G C, the function 5 — (A^ — Aq)6aq does not vanish at 00 , and hence 5 — (A^ — Aq)6ao + is 
inverible in the quotient algebra L\{GIjK)!I. We put 

= -Xl)hx,+I)~^ *{bx,+I), AgC (5.1) 

which is, in fact, an element of L^iGjjK')!!. Now, let g G L°°{GjjK) annihilates I, so that we 
may consider g as a bounded linear functional on L^iGjIK)I1. We define the resolvent tansform 
B\g] of g by 

n[g]{X) = {Bx,g) (5.2) 

From (15.11) it is easy to see that A 1 —>■ Bx is a Banach space valued even entire function. It follows 
that TZ[g\ is an even entire function. The resolvent transform Klg] has the following properties. 

Lemma 5.1. Assume g G L°°{GIIK) annihilates I, and fix a function f I. Let Z{f ) := {z G 

: m = 0 }. 

(a) 7^[5'](A) is an even entire function. It is given by the following formula : 


-r,r 9A>p, 


(b) For |9A| > p, |7^b](A)| < C||5||oo§±|i^ 


(c) For |9A| < p, 

f ^ I- 


/(A)7^b](A) < C-ll/llilMloogg^, where the constant G is independent of 


Proof, (a) Let 9A > p. By Lemma iT^ bl and Lemma ITTI bx is in and bx{z) = z ^ Si. 

We observe that for z ^ Si, 

1 1 


bxfiz) bx{z) 


= x^-xl 


which is equivalent to saying that 

1 - (A^ - Xl)bxfiz)) bx{z) = bxfiz), z e Si. 


Apply the inverse spherical transform and mod out I to get 

(5 — (A^ — Aq)6ao + /) * {bx + I) = 6ao + 

Since (d — (A^ — Aq)6ao + is invertible in L^{GIjK)/!, comparing the above equation with 15.11 
we get Ra = + 1- Therefore, by the definition of IZ[g]{X), 7^[5](A) = {bx,g). 
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Next we assume that 0 < SJA < p, A ^ ^if)- By Lemma 14.41 and Lemma l4.11 Txf is in and 
T\f{z) = G Si. A small calculation shows that 


l-iX^-Xl)bx,{z 




/(A) /(A) 

Again, apply inverse spherical transform and mod out I to get 

'Txf 


{5-{X^-Xl)bx,+l)* 


/(A) 


+ — ^Ao + 


Therefore Bx = +1 which gives the desired formula for TZ[g] (A) in this case. 

fW 

(b) It follows from Lemma 13.51 and the fact that TZ[g] (A) is even. 

(c) From Lemma 14.41 it follows that 

/(A)K|9l(A) <C||/||i||9|ud'^''''’^ 


d{X,dSi) 

for 0 < SaA < p,X ^ Bp{0), where C is independent of / G /. Since /(A)7^[p](A) is an even 


continuous function on Si, the same estimate is true for |9A| < p, A 0 Bp{0). From 
that 7^[p](A) is bounded on Bp{0), with bound independent of /. Therefore on Bp{0) 

/(A)7^[p](A)| <C||/||i 

where C is independent of /. Hence the proof follows. 

6. SOME RESULTS FROM COMPLEX ANALYSIS 
For any function F on R, we let 


it follows 


□ 


(5^(F) = — limsupe 2p*iog|F(t)| 

t—>-oo 


and 


5oo(.P") = — limsupe log |F(—1)|. 


>-oo 


We start with the following Theorem [5l Theorem 6.8] (see also [12ji. The proof of the theorem 
uses the log-log theorem, the Paley-Wiener theorem, Alhfors distortion theorem and the Phragmfe- 
Lindel’of principle. 

Theorem 6.1. Let M : (0, oo) ^ (e, oo) be a continuously differentiable decreasing funetion with 

POO 

lim flog log M(t) < oo, / loglogM(t)(it < oo. 

i^0+ Jo 

Let XI be a collection of bounded holomorphic functions on such that 

inf 5+(T) = inf (F) = 0. 

Suppose G is a holomorphic function on C \ Z (where Z is a finite subset of Si) satisfying the 
following estimates : 

|G(z)| < M{diz,dSi)), zgC\Si, 

\F{z)G{z)\ < M{d{z,dSi)), z G S? \ Z, for all F G 11. 

Then G is bounded outside a bounded neighborhood of Z. 
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Remark 6.2. (i) The theorem above is stated in [SJ Theorem 6.8] when Q is singleton. But from 
the proof the statement above follows. 

(ii) It easy to see that the above theorem remains true if M is continuously differentiable except 
possibly at finite number of points. 

For our purpose we need the following theorem which is an easy consequence of the above 
theorem. 


Theorem 6.3. Let M and fl he as in the previous theorem. Suppose H is an entire function sueh 
that, for some non-negative integer N, it satisfies the following estimates : 

\H{z)\ < {l + \z\)^M{d{z,dSi)), zGC\5i, 

\F{z)H{z)\ < il + \z\)^M{d{z,dSi)), z € 5?, for all T G II. 

Then H is a polynomial. 


Proof. Define the holomorphic function G on C — {ip} by 


G{z) 


H{z) 

{z — ip)^' 


Since jz — ip\ > d{z,dS\), it follows that |G( 2 ;)| is dominated by some constant times 
d{z,dSi)~^M {d{z,dSi)) near ip (inside C \ 5i); where as it is clearly dominated by constant 
times M{d{z,dSi)) outside a neighborhood of ip (inside C \ Si). Similar estimates are true for 
F[z)G{z). In particular we can write the following estimates : 


\G{z)\ < 

\F{z)G{z)\ < 

for some constant 


j Gd(z, dSi)-^M (d(z, dSi)), zeC\Si with d(z, dSi) < 1 
\GM{d{z,dSi)), zgC\Si with d{z,dSi) > 1 

i Gd{z, dSi)-^M {d{z, dSi)) , z G 5°, with d{z, dSi) < 1 for all F G D, 
I CM {d{z,dSi)) , z G 5°, with d{z,dSi) > 1 for all F G D, 

C which can be chosen to be > 1. Define M' : (0, oo) (e, oo) by 


M'{t) 


Gt-^M{t), 0 < t < 1, 
GM{t) t > 1 


Note that M' is decreasing and continuously differentiable except possible at the point 1. Now, we 
observe that, for 0 < t < 1, 

loglog(Ct“^M(t)) = log (log(Ct“^) + logM(t)) < log(Ct“'^) +loglogM(f) 


Therefore, it follows that, M' satisfies all the required properties i.e. 


lim flog log M'(t) < oo, 
t^o+ 

Also, by the definition of M', we have 


loglogM'(f)dt < oo. 


|G(z)| < M'{d{z,dSi)), 

|F(^)G(z)| < M'{d{z,dSi)), 


zeC\Si, 

z G 5°, for all F G D. 


Therefore, by the previous theorem, G is bounded outside a bounded neighborhood of ip, and hence 
\H{z)\ < G(1 + in the same region. But H being entire, by Liouville’s theorem, it must be a 
polynomial. □ 
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7. Proof of the main theorem 


proof of Theorem \l.Sk Since the ideal generated by |fn, I a G A} is same as the ideal generated by 

the elements {^ | a e a} and «„(/) = we can assume that the ftmctions /„ are of 

unit norm. Let g G L°°{G//K) annihilates the (closed) ideal I generated by {fa \ a G A}. It is 
enough to show that g = 0- By the given condition we have 

inf <5i,(/a) = inf 5^(/a) = 0 . 

oSA asA 

Also, by Lemma l5.ll the entire function TZ[g\ satisfies the following estimates 

\n[g\{z)\ < C{l + \z\)^ idiz,dSi))-\ zeC\Si, 

\faiz)'}Z[g]{z)\ < C{l + \z\)^ {d{z,dSi))~^, z e S^, 

for all q; G A, for some constant C. (For technical reason the constant C will be taken to be greater 
than e). We can define M : (0, oo) —>■ (e, oo) to be a continuously differentiable decreasing function 
such that M(t) = Y for 0 < t < 1, and loglog M{t)dt < oo. With this definition of M, we have 

|77b](z)| < il + \z\)^M{d{z,dSi)), zeC\Si, 

\Uz)n[g]{z)\ < {l + \z\fMid{z,dSi)), zG5?, 

for all a G A. Therefore, by Theorem 16.31 TZ[g] is a polynomial. Since |77[g'](z)| < ll^^HiUg'Hoo, > 
p, by Lemma [331 7Z[g]{z} —>• 0 if | 2 ;| —> oo along the positive imaginary axis. This forces TZ[g] to be 
identically zero. Hence {b\,g) = 0 whenever SA > p. By Lemma (331 {bx \ 9A > p} span a dense 
subspace of T^iGj jK). Hence 5 = 0, as desired. □ 


8. APPENDIX 

Lemma 8.1. Fix two positive numbers Ri,R 2 , and a non negative integer k. Then there is a 2kth 
degree polynomial P in three variables with all the co-efficients are non-negative such that 


| 2 Ti(a, 6;c;x)l < 


|c|) 


l(o) 


2k\ 


T{c + 2k) 


T{b + k)r{c - b + k) 


, 0 < X < 1, 


for all a, b, c satisfying the following conditions : 


^{c-a-b)> Ri,ift{c -b)> R 2 , m > -k + -. 

Proof. We prove by induction on the non negative integer k. So, first assume that k = 0. By the 
given condition, > 0. therefore we can use the integral representation. 


| 2 Fi(a, 5;c;x)| < 


r(c) 


nmc-b) 


Since 


^»fe-l(l _ 0 < X < 1. 


1 — s < |1 — sx| < 1, 


a fe) 1 < ^ 2 (1 - s)^i 1 if Jia > 0, 
— I _ g^5R(c-6)-i ^ s“2(l — if 3fJa < 0. 
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Hence the lemma is true if A: = 0. So assume that the lemma is true for k = n i.e there is a 
polynomial P = Pn of degree 2n in three variables with all non-negative coefficients such that 


| 2 -Fi(a, 6 ;c;x)| < 


Pn (|a|, \b\, |c|) 


{C)2n\ 


r(c -I- 2n) 


r(5 -I- n)r(c — h + n) 


0 < X < 1, 

1 


( 8 . 1 ) 

( 8 . 2 ) 


whenever 3?(c — a — b) > Ri, 3?(c — b) > R 2 , ^b > —n -|- 

Now assume that 3ft(c — a — b) > Ri, 3fJ(c — b) > R 2 ,'^b > — (n -|- 1) Bv l2.13l 

c(c-|-l) 2 Fi(a, 6;c;x) = c(c - a-|-l) 2 Fi(a, 6-|-1; c-|-2; x) 

+a [c — (c — 6)x] 2 Fi{o- + 1,6 + 1; c -|- 2; x), 0 < X < 1. 

Note that we can use the induction hypothesis (|8.ip on the two hypergeometric function appeared 
on the right hand side. So we get (for 0 < x < 1) 


| 2 Fi(a, 6 ;c;x)| < 


l®l 1) (|q|) “b 11, |c -|- 2| 


|c||c -b 1| 


l(c + 2 ) 


2n \ 


T{c + 2n + 2) 


r(5 + n + l)r(c — 6 -I- n -I- 1) 


+ 


|a|(|c| -|- |c| -|- | 6 |) Pn (|a-|-l|,| 6 -|-l|,|c-|- 2 |) 


T{c + 2n + 2) 


r(6 -|- n -|- l)r(c — 6 -I- n -I- 1) 


|c||c -|- 1 | l(c + 2 ) 2 n| 

Since the coefficients of Pn are all non-negative, 

^n(|o|)|& + lMc-|- 2 |) < P„(|a|,| 6 | -|-l,|c| +2) 

which can be written as a 2 nth degree polynomial in |a|, | 6 |, |c| with all the coefficients are non¬ 
negative. The same is true for P„(|a -t- 1|, |6 + 1|, |c -I- 2|). Again, \c\\{c + l)\\{c + 2)2n\ = \{c) 2 n+ 2 \- 
Therefore, it follows that the lemma is true for k = n + 1. □ 

Lemma 8.2. Let a,b > 0 be fixed real number. Also fix 6 > 0. Then 


r(a -I- z) 


T{b + z) 


(1 -|- \z\Y ^ for all I arg z\<'k — 5. 


Proof. Let z be any complex number such that | argzl < tt — 6. By Starling formula we can say 
that 


r(a - 1 - z) 


/ 27r fa-fiz 
y a-\-z V e 

'^a+z 

T{b + z) 


/ 2n (b-\-z\b-i-z 
y 6+2 ^ e ^ 



(a + z)“+^ 




(6 -1- zfi+^ 



Since |(o -|- z)°'\ = |a -|- 2 :|“ x (1 -|- \z\)^ and \{b -|- z)^\ >c (1 -|- |z|)^, we have 


r(a - 1 - z) 

X (1 + ^ 1 )““'’ 

(a -h zfi 

= (i + kl)“”^ 

(1 + f)" 

T{b + z) 


(b + zY 




Now, writing z = re*^, \6\ < tt — 6, 


lim f 1 -b 

r—)-oo \ 


re 


iO 


lim ( 1 -|- 


ae 


-id 


= e 


lim 

2:—>-00 
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Therefore 










































Similarly 


lim 1 H— 


2^00 


Hence the proof follows. 

Lemma 8.3. Let a,b,c > 0 be fixed real numbers and let 5 > 0 be fixed. Then 

r| + x2-®"(l + |z|)“+^-"-5 forall|argz| <7r-(5. 

Proof. By Starling formula we have, for | argzl < vr — 5, 


r(a + f)r(6 + f) 

T{c + z) 


2n^ Y+% 


^+f ^b+§ 


2tt ^ c+z y.^z 


(1 + N 


(1 + 




c+z ^ e 

(a + |f+f(6 + f)^+ 


(c + zy+^ 
(a+ f)^(6 + 


. ^(l + | z |)“+^-"-2 

l-Rz,-! , U|'ja+fe-c-| 


{c + zY 

(2a + z) 2 (26 + z) ■ 
(c + 


^(1 + N 


Now the proof can be completed as in the previous 


(1 + - 

^r(i + 

Z / 

2 


(i + D* 



Lemma. 


□ 


□ 
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